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In this article, we consider a higher-order numerical scheme for the fractional heat equation
with Dirichlet and Neumann boundary conditions. By using a fourth-order compact finite-
difference scheme for the spatial variable, we transform the fractional heat equation into
a system of ordinary fractional differential equations which can be expressed in integral
form. Further, the integral equation is transformed into a difference equation by a modified
trapezoidal rule. Numerical results are provided to verify the accuracy and efficiency of the
proposed algorithm.
1. INTRODUCTION
In recent years, considerable interest in fractional differential equations has
been stimulated due to their numerous applications in many fields of science and
engineering. Important phenomena in physics, viscoelasticity, fluid mechanics, and
control theory are well described by differential equations of fractional order. Chang
et al. [1] discussed the existence and uniqueness of almost-periodic and pseudo-
almost-periodic mild solutions to a class of partial differential equations via frac-
tional operators. Various applications of fractional calculus, such as control theory,
are found in [2]. These applications in interdisciplinary sciences show the importance
and necessity of fractional calculus. Silva and Gosselin [3] considered the convective and
diffusive terms of the two-dimensional energy equations. More recently, the idea has
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emerged that the space and=or time fractional partial differential equation, obtained
from the standard partial differential equation that replaces the space-derivative
and=or time derivative by a fractional derivative, may more accurately describe some
physical problems than the corresponding standard partial differential equation.
Consequently, considerable attention has been given to the solutions of the fractional
diffusion equation. From a physical point of view, this fractional heat=diffusion
equation is obtained from a fractional Fick’s law replacing the classical Fick’s law,
which describes transpose processes with a long memory [4]. Oldham and Spanier
[5] considered a fractional diffusion equation that contains a first-order derivative
in space and a half-order derivative in time, and they also discussed the relationship
between their fractional diffusion equation and a regular diffusion equation.
Poldlubny [6] discussed Nigmatullin’s fractional diffusion equation and Schneider-
Wyss fractional diffusion equations in which the solutions are obtained with help
of the Laplace and Fourier transforms combined with the Mittag-Leffler function.
Metzler and Klafter [7] used the method of images and Fourier-transform techniques
to solve a fractional diffusion equation for absorbing and reflecting boundary
conditions, and they also presented a separation-of-variables method for a fractional
diffusion equation with a potential. Recently, Agrawal [8] presented a general
solution for a fractional diffusion-wave equation defined in a bounded space domain
by the finite sine and Laplace transform technique. However, the availability of
numerical methods for solving fractional diffusion equation would be most desirable,
especially for those cases where no analytical solution is available. Langlands and
Henry [9] investigated the accuracy and stability of an implicit numerical scheme
for solving a fractional diffusion equation with zero flux boundary condition. Liu
et al. [10–12] has used the finite-difference method for various fractional diffusion
equations based on Grunwald-Letnikov=shifted Grunwald-Letnikov definitions of
fractional derivatives. Sun et al. [13–15] concentrated on L1 discretization, which
is derived by Oldham and Spanier [5] for promoting the temporal accuracy. The
numerical schemes proposed in [13–15] have convergence of orderO(s2cþ h4), where
c, s, and h are the order of the time derivative, time step, and spatial size, respectively.
However, higher-order numerical schemes for heat equation are still limited.
In this article we consider the fourth-order compact scheme in space and
modified trapezoidal rule that have been obtained for the fractional heat equation
with Dirichlet and Neumann boundary conditions to increase the order of con-
vergence from O(s2cþ h4) to O(s2þ h4).
The remainder of the article is organized as follows: in Section 2 and Section 3,
we present the higher-order-accurate numerical method and its matrix form for the
fractional heat equation with Dirichlet and Neumann boundary conditions, respect-
ively. The solvability of the linear system of equations is also discussed in Section 3.
Some numerical results are provided in Section 4 which show that this method is
computationally efficient. Some concluding remarks are provided in Section 5.
2. FRACTIONAL HEAT EQUATION WITH DIRICHLET BOUNDARY
CONDITION




for n < k. We introduce a uniform grid of points (xj, tk), with xj¼ jh, j¼ 0,
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1, 2,. . ., m, and tk¼ ks, k¼ 0, 1, 2,. . ., n where m and n are positive integers, h¼L=m
is the mesh-width in x, and s ¼T=n is the time step where L> 0 and T> 0.
Let Xh¼fxjj0 jmg and Xs¼ftkj0 k ng.







þ f ðx; tÞ 0 < x < L; 0 < t  T ð1Þ
with initial condition
uðx; 0Þ ¼ wðxÞ 0  x  L ð2Þ
and boundary condition
uð0; tÞ ¼ /ðtÞ uðL; tÞ ¼ nðtÞ 0  t  T ð3Þ
where Kc is the generalized diffusion constant, 0< c <1, 0D
1c
t uðx; tÞ denotes the
Riemann-Liouville fractional derivative of order 1 c of the function u(x, t) defined
by [5, 6, 16, 17],
0D
1c










and f(x, t), w(x), /(t), and n(t) are known smooth functions satisfying /(0)¼w(0)
and n(0)¼w(L). Then Eq. (1) can be written in the equivalent form
0D
c
t ½uðx; tÞ  uðx; 0Þ ¼ Kc
q2uðx; tÞ
qx2
þ gðx; tÞ ð4Þ
where gðx; tÞ ¼0 Dc1t f ðx; tÞ;0 Dc1t f ðx; tÞ denotes the Riemann-Liouville fractional
integral operator of order 1 c of the function f(x, t) defined by [5, 6, 16, 17],
0D
c1







Using the relationship between the Caputo fractional derivative and the




t uðx; tÞ ¼ Kc
q2uðx; tÞ
qx2
þ gðx; tÞ ð5Þ
where C0 D
c
t uðx; tÞ denotes the Caputo fractional derivative of order c of the function
u(x, t) defined by [6, 14],













2.1. The Solution Vector
The exact solution u of the initial and boundary-value problem (2), (3), and (5)
at the point (xj, tk) 2 XhXs is denoted by ukj , and the corresponding solution vector
is denoted by uk ¼ ðuk1 ;    ; ukm1Þ
T
. The exact solution of an approximating ordinary
fractional differential equation and difference equation at the same point will be
denoted by Uj(tk) and U
k
j , and the corresponding solution vectors are denoted by
U(tk)¼ (U1(tk),. . ., Um1(tk))T and Uk ¼ ðUk1 ;    ;Ukm1Þ
T , respectively.
2.2. Discretization in Space: Semi-discrete Scheme











uðxj ; tÞ þOðh4Þ
where d2xuðxj; tÞ ¼ uðxj1; tÞ  2uðxj; tÞ þ uðxjþ1; tÞ: Thus, we may approximate the













UjðtÞ þ gðxj; tÞ 1  j  m 1; 0 < t  T
U0ðtÞ ¼ /ðtÞ UmðtÞ ¼ nðtÞ 0  t  T
Ujð0Þ ¼ wðxjÞ 0  j  m
ð6Þ
2.3. Fully Discrete Scheme













5 1 j m 1; 0< tT
U0ðtÞ ¼/ðtÞ UmðtÞ ¼ nðtÞ 0 tT
Ujð0Þ ¼wðxjÞ 0 j m;
ð7Þ
where Jc denotes the Riemann-Liouville fractional integral of order c defined by
[6, 18],
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ðt sÞc1f ðsÞ ds
By using the modified trapezoidal rule [18] for the Riemann fractional integral, Eq.
(7) is approximated by, for 1 k n,























Uk0 ¼ /ðtkÞ Ukm ¼ nðtkÞ
U0j ¼ wðxjÞ 0  j  m;
where
ak;i ¼
ðk  1Þcþ1  ðk  c 1Þkc i ¼ 0
ðk  i þ 1Þcþ1  2ðk  iÞcþ1 þ ðk  i  1Þcþ1 1  i  k  1
1 i ¼ k
8<
: ð8Þ
and gkj ¼ gðxj ; tkÞ. Introducing the scaling parameter m ¼
Kcsc
Cðcþ2Þh2 and arranging the
terms, we have
ð1 12mÞUkj1 þ ð10þ 24mÞUkj þ ð1 12mÞUkjþ1
¼ ð1þ 12mak;0ÞU0j1










ak;iðgij1 þ 10gij þ gijþ1Þ; 1  j  m 1
Uk0 ¼ /ðtkÞ Ukm ¼ nðtkÞ;
U0j ¼ wðxjÞ 0  j  m:
ð9Þ
Let us rewrite this system of equations (9) in the following matrix form:




i þ Gk 1  k  n ð10Þ
where the tridiagonal matrices in (10) are given by
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A ¼
10þ24m 1 12m





1 12m 10þ 24m 1 12m






















for 1 k n,
Bk ¼
1024mak;0 1þ 12mak;0





1þ 12mak;0 10 24mak;0 1þ 12mak;0










































3. FRACTIONAL HEAT EQUATION WITH NEUMANN BOUNDARY
CONDITION







þ f ðx; tÞ 0  x  L; 0 < t  T ð11Þ
with initial condition
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uðx; 0Þ ¼ wðxÞ 0  x  L ð12Þ
and boundary condition
uxð0; tÞ ¼ /ðtÞ uxðL; tÞ ¼ nðtÞ 0 < t  T ð13Þ
where w(x), /(t), and n(t) are known smooth functions. As discussed in Section 2,




t uðx; tÞ ¼ Kc
q2uðx; tÞ
qx2
þ gðx; tÞ 0  x  L; 0 < t  T ð14Þ
3.1. The Solution Vector
The exact solution ~u of initial and boundary-value problem (12), (13), and (14)
at the point (xj, tk) 2 XhXs is denoted by ~ukj , and the corresponding solution vector
is denoted by ~uk ¼ ð~uk0 ; ~uk1 ;    ; ~ukmÞ
T
. The exact solution of an approximating ordinary
fractional differential equation and difference equation at the same point will be
denoted by ~UjðtkÞ, and ~U
k
j , and the corresponding solution vectors are denoted by
~UðtkÞ ¼ ð ~U0ðtkÞ; ~U1ðtkÞ;    ; ~UmðtkÞÞT and ~U
k ¼ ð ~Uk0 ; ~U
k





3.2. Discretization in Space: Semi-discrete Scheme



















  ~uðxj; tÞ þOðh4Þ
ð15Þ
where dx~uðxj; tÞ ¼ ~uðxjþ1; tÞ  ~uðxj1; tÞ; d2x~uðxj; tÞ ¼ ~uðxj1; tÞ  2~uðxj; tÞ þ ~uðxjþ1; tÞ.
It follows from (13) and (14) that
~uxð0; tÞ ¼ /ðtÞ
Kc~uxxxð0; tÞ ¼ gxCD
c
t/ðtÞ  gxð0; tÞ
ð16Þ
Also from (15) and (16) it follows that





t/ðtÞ  ðgxÞðx0; tÞ
 
þOðh5Þ ð17Þ
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A similar method to that used to obtain Eq. (17) is applied to derive Eq. (18) at the
point (xm, t)¼ (L, t). Therefore, the Caputo derivative of n(t) should be taken,






t nðtÞ  ðgxÞðxm; tÞ
 ( )
þOðh5Þ ð18Þ
where x1¼ h and xmþ1¼Lþ h are fictitious points. Thus, we may approximate
the initial boundary value problem (12)–(14) by the following semi-discrete scheme:













~UjðtÞ þ gðxj; tÞ 0  j  m
~U1ðtÞ ¼ ~U1ðtÞ  2hv1ðtÞ ~Umþ1ðtÞ ¼ ~Um1ðtÞ þ 2hv2ðtÞ
~Ujð0Þ ¼ wðxjÞ 0  j  m;
ð19Þ
where






t/ðtÞ  ðgxÞðx0; tÞ
 






t nðtÞ  ðgxÞðxm; tÞ
 
3.3. Fully Discrete Scheme
The equivalent form of (19) for 0< tT is












5 0  j  m
~U1ðtÞ ¼ ~U1ðtÞ  2hv1ðtÞ ~Umþ1ðtÞ ¼ ~Um1ðtÞ þ 2hv2ðtÞ
~Ujð0Þ ¼ wðxjÞ 0  j  m
ð20Þ
By using the modified trapezoidal rule for the Riemann-Liouville fractional integral,







































m1 þ 2hv2ðtkÞ ð23Þ
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~U
0
j ¼ wðxjÞ 0  j  m
where ak, i is defined as (8) and g
k
j ¼ gðxj ; tkÞ: Substituting (22) and (23) in (21) when
j¼ 0 and j¼m, respectively, and arranging the terms, we have, for 1 k n,
ð10þ 24mÞ ~Uk0 þ 2ð1 12mÞ ~U
k
1 ¼ ð10 24mak;0Þ ~U
0
0














ak;iðgi1 þ 10gi0 þ gi1Þ




ð1 12mÞ ~Ukj1 þ ð10þ 24mÞ ~U
k
j þ ð1 12mÞ ~U
k
jþ1 ¼ ð1þ 12mak;0Þ ~U
0
j1
þ ð10 24mak;0Þ ~U
0

















ak;iðgij1 þ 10gij þ gijþ1Þ 1  j  m 1
ð24Þ
2ð1 12mÞ ~Ukm1 þ ð10þ 24mÞ ~U
k
m ¼ 2ð1þ 12mak;0Þ ~U
0
m1





















j ¼ wðxjÞ 0  j  m
We need the values of gi1 and g
i
mþ1, and these may be obtained from the Taylor ser-
ies expansion. Using the Taylor series expansion of gk1 and g
i
1 about the point (x0,
ti), then g
i
1 þ 10gi0 þ gi1 can be written as 12gi0 þ h
2ðgxxÞi0 þOðh
4Þ: Similarly,
gim1 þ 10gim þ gimþ1 can be written as 12gim þ h
2ðgxxÞim þOðh
4Þ by using the Taylor
series expansion of gim1 and g
i
mþ1 about the point (xm, ti).
Remark. Since g(x, t) is known function, the exact value of g(x, t) at the points
(x1, ti)¼ (h, ti) and (xmþ1, ti)¼ (Lþ h, ti) may be used.
Let us rewrite this system of equations (24) in the following matrix form:
~A ~U





i þ ~Gk 1  k  n ð25Þ
where the tridiagonal matrices in (25) are given by
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~A ¼
10þ24m 2ð1 12mÞ





1 12m 10þ 24m 1 12m






















for 1 k n,
~Bk ¼
1024mak;0 2ð1þ 12mak;0Þ





1þ 12mak;0 10 24mak;0 1þ 12mak;0













































Theorem 1. [18] Suppose that the interval [0, T] is subdivided into n sub-
intervals [tk, tkþ1] of equal width s ¼T=n by using the nodes tk¼ ks, for k¼ 0,
1,. . ., n. The modified trapezoidal rule,






is an approximation to the fractional integral
ðJcf ðtÞÞðTÞ ¼ Tðf ; s; cÞ  ETaðf ; s; cÞ T > 0; c > 0
where an, k is defined as in (8). Furthermore,
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a. if f(t)2C2[0, T], there is a constant C0c depending only on c so that the error term
ETa(f, s, c) has the form
jETaðf ; s; cÞj  C0ckf 00k1Tcs2 ¼ Oðs2Þ
b. if f(t)¼ tp for some p2 (0, 2) and Q: ¼min (2, pþ 1), there is a constant C0c;p
depending on c and p so that the error term ETa(f, s, c) has the form
jETaðf ; s; cÞj  C0c;pTcþpQsQ ¼ OðsQÞ
Theorem 2. The difference equations (9) and (24) have a unique solution.
Proof. For any m ¼ Kcsc=Cð2þ cÞh2 > 0, the coefficient matrices A and ~A for
the
difference equations are strictly diagonally dominant. Consequently, the matrices
A and ~A are nonsingular, thus are invertible. This completes the proof of the theorem.
4. NUMERICAL EXPERIMENTS












sinð2pxÞ 0<x< 1; 0< t 1
uðx;0Þ¼ 0 0x 1
uð0;tÞ¼ 0 uð1;tÞ¼ 0 0 t 1
ð26Þ
The exact solution of (26) is
uðx; tÞ ¼ t2sinð2pxÞ
The error is defined as
E1ðh; sÞ ¼ max
0jm
juðxj ; tnÞ Unj j
Denote
Order ¼ E1ðh; sÞ
E1ðh=2; s=2Þ
In Table 1 we have compared the errors as well as their convergence order for the
difference scheme (L1C) in [14] and compact modified trapezoidal rule (CT) (9)
in the case when h and s decrease simultaneously. The exact solution and the con-
vergence of the numerical solution of CT scheme defined by (9) of Example 1 for
c¼ 0.5 are given in Figures 1 and 2, respectively.
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0 < x < 1 0 < t  1
uðx; 0Þ ¼ 0 0  x  1
uð0; tÞ ¼ tcþ1 uð1; tÞ ¼ etcþ1 0  t  1:
ð27Þ
The exact solution of (27) is
uðx; tÞ ¼ extcþ1
We show that the numerical results of the CT scheme defined by (9) are appar-
ently more accurate than those of [14] with the same mesh. In Tables 2 and 3 we have
Figure 1. Exact solution for Example 1 at c¼ 0.5 (color figure available online).
Table 1. Maximum errors and convergence orders of L1C and CT (9) schemes when c¼ 0.5
c¼ 0.5 E1ðh; sÞðL1CÞ Order (L1C) E1ðh; sÞðCTÞ Order (CT)
h¼ s¼ 1=100 0.0000115382 1.49771 3.00526 107 2.24466
h¼ s¼ 1=200 7.73015 106 1.49498 6.34119 108 2.06813
h¼ s¼ 1=400 1.4496 106  1.51218 108 
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compared with the values c¼ 0.25 and c¼ 0.75, respectively. The comparisons
between the absolute errors of the L1C scheme and the CT scheme defined by (9)
at selected points and c¼ 0.5 are given in Figures 3 and 4, respectively.
Figure 2. Numerical solution of the CT scheme defined by (9) for Example 1 at c¼ 0.5 (color figure avail-
able online).
Table 2. Some results of (9) compared with L1C when c¼ 0.25
c¼ 0.25 E1ðh; sÞðL1CÞ E1ðh; sÞðCTÞ
h¼ 1=4, s¼ 1=4 0.00072822 3.05274 106
h¼ 1=8, s¼ 1=64 6.0359 106 1.91141 107
h¼ 1=16, s¼ 1=1,024 3.846 108 1.2037 108
h¼ 1=8, s¼ 1=8 0.00022328 1.91142 107
h¼ 1=16, s¼ 1=128 1.8709 106 1.2037 108
h¼ 1=32, s¼ 1=2,048 1.4338 108 7.52629 1010
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Table 3. Some results of (9) compared with L1C when c¼ 0.75
c¼ 0.75 E1ðh; sÞðL1CÞ E1ðh; sÞðCTÞ
h¼ 1=4, s¼ 1=4 0.0173 2.90372 106
h¼ 1=8, s¼ 1=64 0.00053739 1.81805 107
h¼ 1=16, s¼ 1=1,024 0.000016874 1.14604 108
h¼ 1=8, s¼ 1=8 0.0072 1.81807 107
h¼ 1=16, s¼ 1=128 0.00022716 1.14604 108
h¼ 1=32, s¼ 1=2,048 7.1085 106 7.16363 1010
Figure 3. Absolute errors for Example 2 at c¼ 0.5, m¼ 40, and n¼ 40 (color figure available
online).
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2cþ1ð2 8xþ x2 þ 6x3 þ x4Þ


0  x  1 0 < t  1
uðx; 0Þ ¼ 0
uxð0; tÞ ¼ 0 uxð1; tÞ ¼ 0
ð28Þ
Figure 4. Absolute errors for Example 2 at c¼ 0.5, m¼ 80, and n¼ 80 (color figure available online).
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Table 4. Maximum errors and convergence orders of Box and CT (24) schemes with different c
E1(h, s) Order1 E1(h, s) Order 1
c (h, s) (BoxL1) (BoxL1) (CT) (CT)
c¼ 0.3 (1=20, 1=200) 0.00006157 1.3179 0.0000298287 1.94813
(1=40, 1=400) 0.0000247 1.4527 7.73015 106 1.95926
(1=80, 1=800) 9.022 106  1.98788 106 
c¼ 0.5 (1=20, 1=200) 0.0003877 1.3816 0.0000426633 1.98006
(1=40, 1=400) 0.0001488 1.4215 0.0000108143 1.98609
(1=80, 1=800) 0.00005554  2.72976 106 
c¼ 0.7 (1=20, 1=200) 0.001184 1.2495 0.0000541512 1.99399
(1=40, 1=400) 0.0004978 1.2694 0.0000135943 1.99632
(1=80, 1=800) 0.00002037  3.40726 106 
Table 5. When h¼ 1=1,000, the maximum errors of Box and CT (24) schemes with c¼ 0.3
s E1(h, s) (BoxL1) Order3 (BoxL1) E1(h, s) (CT) Order3 (CT)
1
2
0.00477651 1.49137 0.00240873 1.87643
1
4
0.00169888 1.55881 0.000656035 1.90646
1
8
0.000576654  0.000174995 
Table 6. When h¼ 1=1,000, the maximum errors of Box and CT (24) schemes with c¼ 0.5
s E1(h, s) (BoxL1) Order3 (BoxL1) E1(h, s) (CT) Order3 (CT)
1
2
0.0111597 1.34019 0.00382813 1.93026
1
4
0.00440774 1.39065 0.00100443 1.95345
1
8
0.00168109  0.000259343 
Table 7. When h¼ 1=1,000, the maximum errors of Box and CT (24) schemes with c¼ 0.7
s E1(h, s) (BoxL1) Order3 (BoxL1) E1(h, s) (CT) Order3 (CT)
1
2
0.0215705 1.2211 0.00515961 1.96387
1
4
0.00925279 1.23886 0.00132262 1.98036
1
8
0.00392049  0.000335187 
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Table 9. When s¼ 1=1,000, the maximum errors of Box and CT (24) schemes with c¼ 0.5
h E1(h, s) (BoxL1) Order2 (BoxL1) E1(h, s) (CT) Order2 (CT)
1
2
0.653235 1.77513 0.307866 3.76369
1
4
0.190854 1.9854 0.0226662 3.88555
1
8
0.0481988  0.0015336 
Table 10. When s¼ 1=1,000, the maximum errors of Box and CT (24) schemes with c¼ 0.7
h E1(h, s) (BoxL1) Order2 (BoxL1) E1(h, s) (CT) Order2 (CT)
1
2
0.498576 1.73541 0.255221 3.77734
1
4
0.149734 1.9892 0.0186133 3.89319
1
8
0.0377148  0.00125272 
Table 8. When s¼ 1=1,000, the maximum errors of Box and CT (24) schemes with c¼ 0.3
h E1(h, s) (BoxL1) Order2 (BoxL1) E1(h, s) (CT) Order2 (CT)
1
2
0.835762 1.80605 0.369597 3.75345
1
4
0.239005 1.98365 0.0274049 3.88014
1
8
0.060432  0.00186118 
Figure 5. Exact solution for Example 3 at c¼ 0.5 (color figure available online).
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The exact solution of (28) is
uðx; tÞ ¼ exx2ð1 xÞ2t2þc
The error is defined as
E1ðh; sÞ ¼ max
0  j  m
1  k  n
juðxj ; tkÞ Ukj j
Denote
Order 1 ¼ E1ðh; sÞ
E1ðh=2; s=2Þ
order 2 ¼ E1ðh; sÞ
E1ðh=2; sÞ
order 3 ¼ E1ðh; sÞ
E1ðh; s=2Þ
Figure 6. Numerical solution of the CT scheme defined by (24) for Example 3 at c¼ 0.5 (color figure
available online).
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In Table 4 we have compared the maximum errors as well as their convergence
order for the difference scheme (Box scheme) in [15] and the compact modified
trapezoidal rule (24) in the case when h and s decrease simultaneously with different
c. In Tables 5, 6, and 7 we have compared the maximum errors as well as their con-
vergence order for these difference schemes with c¼ 0.3, c¼ 0.5, and c¼ 0.7, respect-
ively, when h is sufficiently small. In Tables, 8, 9, and 10 we have compared the
maximum errors as well as their convergence order for these difference schemes
with c¼ 0.3, c¼ 0.5, and c¼ 0.7, respectively, when s is sufficiently small. The exact
solution and convergence of the numerical solution of the Box scheme and CT
scheme defined by (24) for c¼ 0.5 are given in Figures 5, 6, and 7, respectively.
5. CONCLUSION
In this article, a combination of compact finite-difference scheme in space
and modified trapezoidal rule in time is proposed for the fractional sub-diffusion
Figure 7. Numerical solution of the Box scheme for Example 3 at c¼ 0.5 (color figure available online).
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equation with Dirichlet and Neumann boundary conditions. Numerical examples
are presented to verify the effectiveness of the new scheme. Numerical solutions of
the fractional heat equation with Dirichlet and Neumann boundary conditions are
compared with L1C scheme [14] and Box scheme [15], respectively. As can be real-
ized from Tables 5–10, the numerical scheme has convergence of order O(s2þ h4).
This shows that the method is more accurate.
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